In this paper, we consider elliptic boundary value problems with discontinuous coefficients and obtain the asymptotic optimal error estimate u − u k 1,Ω Ch| ln h| 1/2 u 2,Ω 1 +Ω 2 for triangle linear elements.
Introduction
Finite element convergence theory has been well established for second order elliptic problems with appropriately smooth coefficients (cf. [1] ). However, we frequently encounter problems with discontinuous coefficients in practical engineering applications. Accordingly, it is necessary to study the the finite element convergence for these problems. There has been some work on this topic in the one-dimensional case (see for example [5] ), but fewer results are known for higher dimensional cases, which are of more theoretical and practical importance. A simple case when the jump interface is a polygonal line has been discussed by Professor Feng Kang in [3] , though no results have been mentioned for more general cases. This paper is devoted to a discussion on the convergence of piecewise linear finite element approximations on triangular meshes for the Dirichlet problem with discontinuous coefficients in 2D. The study indicates that, the discontinuity in the coefficients has only mild influence to the convergence of the finite element approximation.
For simplicity, we consider the following model problem
−∂ x (B∂ x u) − ∂ y (B∂ y u) + σu = f (x, y),
Here Ω is a bounded connected domain in 2D, and the boundary Γ = ∂Ω is piecewise smooth and convex. A piecewise smooth curve S divides Ω into two subdomains Ω 1
and Ω 2 . The coefficient B = B(x, y) ∈ C 1 (Ω i ), when restricted on Ω i , for i = 1, 2, and
We introduce the bilinear form:
It is easy to show the following variational principle:
Solving equation (1.1) is equivalent to the variational problem:
The bilinear form a(u, v) defined by (1.3) is continuous and coercive on H 1 0 (Ω). Assume that the problem (
(Ω), satisfies the basic error estimate:
Here and throughout the paper, C denotes a generic constant independent of h, u, and v.
In particular, let u I ∈ S h be the interpolant of u, then we have
Now we consider a triangulation Ω h ⊂ Ω with a boundary Γ h whose vertices all lie on Γ. We assume that every triangle intersecting at S has two vertices on S , every non-smooth point on S is set to be a vertex, and every triangle contains a disk whose radius is ch, where h is the maximal diameter for triangles in Ω h (implying Ω h is a quasi uniform triangulation). Let S h be the space of continuous and piecewise linear polynomials defined on Ω that vanish on Γ h . Then, S h is a subspace, S h ⊂ H 1 0 (Ω). The elements that do not intersect the jump interface, S , are referred to as regular elements, and the other elements are irregular elements. The main result of this paper is: the finite element solution u h ∈ S h and exact solution u ∈ H 2 (Ω, S ) of the variational problem (1.4) satisfy the following error estimate:
2. Proof of the result First, we give two lemmas, which are estimates similar to the Sobolev embedding theorem (cf. [6] ), though sharper.
3.
Lemma 1.
Let Ω be the aforementioned planar domain and f ∈ L 2 (Ω). Denote p = (x, y), Q = (ζ, η), and let B(p, Q) be a bounded function of p, Q, which is continuous whenever p Q. Define
Then there exists a constant C, such that for any measurable set D ⊂ Ω it holds that
where |D| is the measure of D, and ε < 1 is an arbitrary positive constant.
Proof. Let q = 2 ε > 2, then by the Hölder inequality (cf. [6] ), we have
Change the order of integration to obtain
.
Making use of the Hölder inequality again, we get
This completes the proof.
By this lemma and the Sobolev integral identity (cf.
[1]), we can obtain the lemma below.
Lemma 2. Let D, Ω, ε, C follow the definitions in Lemma 1. It holds for any v ∈ H 1 (Ω)
We now turn to the proof of (1.7).
Estimate on regular elements.
Naturally, the error estimate on regular elements can be obtained by the well-known Bramble-Hilbert lemma (cf. [1] ). Here, we adopt a method based on the Taylor expansion with respect to varying the base point of expansion (see for example [4] ), which will play a fundamental role in the following analysis. Let K be any regular element, with the vertices p i = (x i , y i ); let p = (x, y) be a varying point, and
for i = 1, 2, 3 and 0 t 1. Without loss of generality, we assume v ∈ C 2 (Ω) in the analysis below. Then, by the Taylor expansion with the integral form remainder, we have
Using the barycentric coordinates L i , we can write the error of the linear interpolation function u I as:
By the Hölder inequality, we get
Exchange the order of integration, and for any fixed t, i, introduce a change of variables
Then, we obtain
Moreover, from (2.1), we have
Using integration by parts, the last term in the above equation becomes
Note that |∂ x L i | C/h, and by the same technique above, we obtain
Combing all three inequalities above, we have
2. Estimate on irregular elements.
Let K be any irregular element, which contains a subset S K ⊂ S (see Fig 1) . Let Draw a trapezoid T that has height d, which is the larger of the distances from p 1 and p 3 to edge p 1 p 3 . Since S k passes through two vertices, it holds that d = O(h 2 ). Now, we estimate u − u I 1,T . In general, we only have u ∈ H 1 (T ) on T . For this reason, we may only write
Again, we use the variable transformation ζ = x i +(x−x i )t, η = y i +(y−y i )t, with ∂(x, y) ∂(ζ, η) = t −2 . Then, the region T is changed to T i,t , which is similar to T with area |T i,t | Ct 2 h 3 .
For fixed i, t, let D(i, t) = T i,t where the union is taken over all irregular elements. Since the number of irregular elements does not exceed O(h −1 ), we have |D(i, t)| Ct 2 h 2 .
Given any ε satisfying 0 < ε 1 4 , we have
Therefore,
Applying Lemma 2 on D(i, t) ∩ Ω 1 and D(i, t) ∩ Ω 2 separately, we obtain
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Now, we turn to estimating ∂ x (u − u I ) 0,T . Since
Hence, we have
Taking norm on both sides, we obtain
As shown above, we see
Combining the two inequalities above yields
The estimate for ∂ y (u − u i ) is similar. Combining the two cases discussed above, we obtain
Here, C does not depend on ε, and 0 < ε < | ln h| −1 . Plugging this ε into (2.9), we obtain
Finally, the inequality (1.7) follows from the basic inequality (1.6). 
